We perform a detailed theoretical study of the characteristic internal electronic structure of various multiexcitons ͑N h , N e ͒, where N h is number of holes and N e is the number of electrons in the self-assembled semiconductor quantum dots ͑QDs͒. For each of the leading ͑N h , N e ͒ excitonic complexes we start from the single-particle configuration ͑e.g., a specific occupation pattern of S and P electron and hole levels by a few carriers͒ and then show the many-particle multiplet levels for the initial state of emission ͑N h , N e ͒ and the final state of emission ͑N h −1, N e −1͒. We denote which states are dark and which are bright; the order and multiplicity, the leading single-particle character of each multiplet state, and the fine-structure splittings. These are of general utility. We also show explicit numerical values for distances between various transitions for four specific QDs. Here the presented information is important and potentially useful for a few reasons: ͑i͒ the information serves as a guide for spectroscopic interpretation; ͑ii͒ the information reveals non-Aufbau cases, where the dot does not have Aufbau occupation of carriers' levels; ͑iii͒ the information shows which transitions are sensitive to random-alloy fluctuations ͑if the dot is alloyed͒ and importance of this effect. We show that because of such alloy information, distances between peaks cannot be used to gauge structural information.
I. INTRODUCTION
Advances in the synthesis and spectroscopy of selfassembled semiconductor quantum dots ͑QDs͒ now routinely reveal a rich set of very sharp excitonic lines in a single-dot emission spectrum. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] These lines originate from optical transitions between various many-carrier configurations, ͑N h , N e ͒ → ͑N h −1,N e −1͒, where single electron-hole ͑e-h͒ pair recombines radiatively in the presence of the other N h − 1 and N e − 1 "spectator" carriers. Whereas in single-particle physics ͑e.g., band structure of solids͒ such transitions would be expressed as the difference between electron levels and hole levels ͑single-particle band gaps͒, in nanostructures there are additional dominant terms of carrier-carrier repulsion, exchange, and correlations, leading to many more lines than anticipated from the single-particle picture. The emission spectrum of each exciton complex ͑N h , N e ͒ has a characteristic number of spectral lines, positions in the spectra, and intensities. Such a multiexcitonic spectrum encodes in it information about the Coulomb interactions between carriers, including exchange and correlation effects, 8, 10 thus revealing many-particle physics in confined spaces. Exchange interactions between carriers in the QD lift the degeneracy of multiexciton energy levels. For example, electron-hole exchange interaction splits the exciton ground state into four levels, one doubly degenerate that is optically inactive ͑"dark"͒, and two optically active ͑"bright"͒ levels ͑see, e.g., Ref. 13͒. The splitting between the two optically active states is called the fine-structure splitting ͑FSS͒. A similar situation occurs in the case a dot is charged with more than one electron and hole, except that the number of lines may differ from the simple case of neutral monoexciton.
Experimentally, various multiexcitons have been identified unambiguously in the emission spectra of individual QDs either by tuning the excitation intensity 2 or direction and amplitude of an electric field, in which the dot is embedded. 1, 9, 11, 12 However, the interpretation of such results in terms of the internal electronic structure and fine structure ͑FS͒ is limited by the lack of reliable theoretical assignment of the emission lines in the spectra. Also, dark states are not accessible in the absence of an external magnetic field and require theory to predict dark bright states' splittings. Theoretical models based on perturbation theory 2,14 disregard QD morphology and determine the spectroscopic features by considering only a single configuration ͑an assignment of electron and hole occupations to electron and hole levels͒ for the initial and the final states. These appealing intuitive approaches relate simply the initial and final single-particle configurations with the many-particle transition energies, but are often not able to interpret the internal structure and fine structure. More complex theoretical models allow configuration mixing in the initial and final many-particle states and take into account QD structure ͑geometry and composition profile͒, strain, and piezo effects. [7] [8] [9] 12, [15] [16] [17] Here we use a state-of-the-art atomistic many-body pseudopotential method 18, 19 and demonstrate how and where the simple perturbation-theory-based models fail, and provide simple schematic plots showing for each neutral or charged multiexciton the relevant single particle as well as multiparticle multiplets needed to interpret such states. Thus, we will provide a detailed account of the genesis of observable manyelectron multiples from (dominant) single-particle levels. Also, we will illustrate that the internal structure and FS of multiexcitons are sensitive to QD structural properties. Simple arguments cannot be used to understand the structure-spectra relationship and artificial intelligence methods are required. For example, a procedure for finding structure-spectra relationship in QDs was proposed recently in Ref. 20 , where we focused on a smaller subset of spectral lines, calculated them for ϳ240 different dot structures, and addressed the issue of finding data-mining-like correlations between structure and sequence of spectral lines.
The purpose of this work is to provide an insight into the characteristic internal electronic structure of various multiexcitons in generic QDs, and to serve as a guide for experimen-tal interpretation. Indeed, the origin of the various lines is difficult to guess without a many-body calculation. Thus, for each of the leading ͑N h , N e ͒ excitonic complexes we will start from the single-particle configuration ͑e.g., a specific occupation pattern of S and P electron and hole levels by a few carriers͒ and then show the final result of the many-body treatment, i.e., the many-particle ͑multiplet͒ levels for ͑N h , N e ͒ ͑=the initial state of emission͒ and ͑N h −1, N e −1͒ ͑=the final state of emission͒. We will denote which states are dark and which are bright; the order, multiplicity and the leading single-particle character of each multiplet state, and the FSS. The schematic transitions for multiexcitons pertain to a generic self-assembled QD and are of general validity according to our calculations. The specific energy separations between transition lines are determined by structural parameters of QDs ͑shown in Tables within figures for each  multiexciton͒ and also by random-alloy fluctuations. We provide numerical results for four prototypical structures and note that all other inspected structures follow this range.
Here the presented information is important and potentially useful for a few reasons: ͑i͒ the information serves as a guide for spectroscopic interpretation; ͑ii͒ the information reveals non-Aufbau cases, where the dot does not have Aufbau occupation of carriers' levels; ͑iii͒ the information shows which transitions are sensitive to random-alloy fluctuations ͑if the dot is alloyed͒ and importance of this effect. We show that because of such alloy information, distances between peaks cannot be used to gauge structural information.
II. BASIC FEATURES OF THE MULTIEXCITONIC SPECTRA

A. Exciton complexes in quantum dots
Loading a QD with N h holes and N e electrons creates either neutral ͑multi͒excitons ͑if N h = N e ͒ or charged ͑multi-͒excitons ͑if N h N e ͒. For example, a neutral monoexciton X 0 has one hole and one electron ͓͑N h =1; N e =1͔͒; a nega-FIG. 1. ͑Color online͒ Calculated emission spectra of a lensshaped In 0.6 Ga 0.4 As/ GaAs QD with 2R = 25.2 nm and h = 3.5 nm for different exciton occupations shown on two different energy scales: on a ⌬ 1 Ϸ 100 meV scale and on a ⌬ 1 Ϸ 10 meV scale. Energies are given relative to the monoexciton energy, E X 0 = 1.255 eV. Gray dashed lines show the position of the ͑1,1͒ → ͑0,0͒ monoexciton peak and the position of the P e & P h ͑3,3͒ → ͑2,2͒ peak. tive trion X −1 has one hole and two electrons ͓labeled ͑1,2͔͒; and a positively charged biexciton XX +1 has three holes and two electrons ͑3,2͒, etc.
ΔE
S channel radiative recombination ͑S e & S h ͒ occurs when an electron in the S e level recombines with a hole in the S h level. When a P electron recombines with a P hole, there is a P recombination channel, denoted as P e & P h . The S e & S h and P e & P h recombination channels are shifted due to the ⑀ s -⑀ p single-particle gap.
In the self-assembled QDs the recombination of a single electron-hole pair in the presence of other N e − 1 and N h −1 carriers leads to a radiative emission from all other states, and thus to a rich observable multiexcitonic spectra. In other ͑colloidal͒ QDs, often the recombination of an electron with a hole leads to a faster ͑ϳps͒ nonradiative Auger excitation of some of the spectator particles, thus multiexciton emission is not always seen. 21, 22 B. Low-resolution versus high-resolution multiexcitonic spectra Figure 1 shows typical calculated spectra of an ͑In,Ga͒As QD ͑method is discussed in Sec. III A͒. Each multiexciton line is split into a set of multiplets separated by FSS. On ϳ100 meV energy span ͑left panel in Fig. 1͒ we see a lowresolution energy scale, where the emission spectra from a ͑N h , N e ͒ multiexciton system can be seen only as a single emission line ͑singlet͒ or multiple emission lines ͑multiplets͒. 2, 17 On the other hand, higher resolution ϳ10 meV energy scale spectra, depicted in Fig. 1 ͑right panel͒, resolves most of the multiplets of the multiexcitonic transitions. For example, ͑2,3͒ → ͑1,2͒ transition has only two peaks resolved on low-energy scale ͑left panel in Fig. 1͒ , whereas higher resolution spectra ͑right panel in The basic low-resolution features of multiexcitonic spectra have been traditionally interpreted using perturbation theory. 24 In this approach one disregards QD morphology and determines the spectroscopic features by considering only a single configuration ͑an assignment of electron and hole occupations to electron and hole levels͒ for the initial and the final states, i.e., by neglecting correlation effects. This intuitive approach relates simply the initial and final single-particle configurations with the many-particle transition energies. Figure 2 illustrates This approach counts the number of electron-electron, holehole, and electron-hole interactions and formulate the transition energies on this basis, assuming universal interaction energies. For example, the ͑2,2͒ → ͑1,1͒ transition, where the initial single-particle configuration is h 0 2 e 0 2 and the final single-particle configuration is h 0 1 e 0 1 , gives a transition energy ⌬E͓͑2,2͒ → ͑1,1͔͒ that equals the "band gap" ⑀͑e 0 ͒-⑀͑h 0 ͒ plus ͑J e,e + J h,h −3J e,h ͒. As we shall see later in Fig. 4 , the situation is much more complicated as one goes beyond this simple picture.
The perturbation-theory approximation leads to two general predictions: 17 first, it predicts when a ͑N h , N e ͒ → ͑N h −1,N e −1͒ multiexcitonic spectrum will consist of a single dominant line ͑singlet͒ or exhibit a manifold of lines ͑multi-plet͒. If in the final state there is a maximum of one partially occupied hole and one partially occupied electron level, the ͑N h , N e ͒ → ͑N h −1,N e −1͒ spectrum will consist of a single line; otherwise multiple lines are expected. Figure 2 illustrates this prediction for the ͑N h , N e ͒ → ͑N h −1,N e −1͒ transitions. Singlet spectra for the S-channel case are: ͑1,1͒ → ͑0,0͒, ͑2,2͒ → ͑1,1͒, and ͑4,4͒ → ͑3,3͒; and for the P-channel case are: ͑3,3͒ → ͑2,2͒ and ͑4,4͒ → ͑3,3͒. Multiplets are expected for the S-channel case: ͑3,3͒ → ͑2,2͒.
Second, the expressions shown in Fig. 2 suggest that under well-defined approximations all singlet transition ener- gies for different ͑N h , N e ͒ → ͑N h −1,N e −1͒ spectra within the same recombination channel will align energetically. 17 Examples in Fig. 2 include for the S e -S h recombination channel ͑1,1͒ → ͑0,0͒, ͑2,2͒ → ͑1,1͒, and for the P e -P h recombination channel ͑3,3͒ → ͑2,2͒ and ͑4,4͒ → ͑3,3͒.
This simple perturbative approach has been especially attractive because of its simplicity and remarkable predictive power. However, this approach fails to predict singlet vs multiplet for ͑3,3͒ → ͑2,2͒ and ͑4,4͒ → ͑3,3͒ transitions, regardless of QD morphology, and is insensitive to the FSS on ϳeV energy scale. 17 For example, according to the perturbation theory, P-channel ͑3,3͒ → ͑2,2͒ transition is a singlet, but in the full calculations there are actually two optically active transitions split by several tens eV ͓see Sec. IV C͔. Therefore, interpretation of the spectra using the perturbation theory is partially successful on "low-resolution" ϳ100 meV spectra, but is insensitive to FSS on sub-meV scale.
III. THEORETICAL APPROACH
In this paper we discuss the internal electronic structure and FSS of neutral, positively charged, and negatively charged ͑multi͒excitons going beyond the simple perturbative approach explained in Sec. II C. We employ here an atomistic many-body pseudopotential method in order to provide a detailed account of the genesis of observable many-electron multiplets from ͑dominant͒ single-particle levels.
A. Method
For the assumed size, shape, and composition of a QD we first relax the atomic position ͕R i,␣ ͖ via the valence force field method 25 within the simulation supercell of ϳ2 ϫ 10 6 atoms ͑QD+ GaAs matrix͒. Screened-strain-dependent atomic pseudopotential v ␣ ͓r ; Tr͑⑀͔͒ is placed on each site of atom of type ␣. They are fitted to bulk properties of InAs and GaAs, including bulk band structures, experimental deformation potentials and effective masses and directly feel strain effects via hydrostatic component of the strain tensor ͓Tr͑⑀͔͒. The total pseudopotential of the system V͑r͒ is constructed by superposing the nonlocal spin-orbit interaction, V so , to the local-screened pseudopotential, v ␣ ͓r ; Tr͑⑀͔͒, of all atoms 18 FIG. 3. ͑Color online͒ Schematic plot of the internal electronic structure of monoexciton ͑N h =1, N e =1͒. The title indicates the transition ͓e.g., ͑1,1͒ → ͑0,0͔͒ and the recombination channel. The left panels give the initial single-particle levels and the final singleparticle level; the dotted ellipse indicates the e-h pair that recombines. The center panels give the initial many-particle multiplets and final many-particle multiplets and their multiplicities. On the RHS we give the dominant CI configuration denoted as
. .e i mi , where i and j denote electron and hole levels, respectively, and mj͑ni͒ denote number of electrons ͑holes͒ on level i͑j͒ ͑0 Յ ni , mj Յ 2͒. The vertical arrows connecting final and initial multiplets show the multiexcitonic transition. The dashed lines denote dark transitions. Bottom left gives schematically the spectra of all ͑allowed+ forbidden͒ transitions. The Table gives an idea about the range of FSS for different QD structures, where the energies are given in eV. 
The single-particle electron ͕e 0 , e 1 , e 2 ,...͖ and hole ͕h 0 , h 1 , h 2 ,...͖ states are extracted from the single-particle Schrödinger equation
The single-particle Hamiltonian includes quantum confinement effects, multiband coupling ͑conduction band, heavy hole, and light hole͒, intervalley coupling ͑⌫ − X − L͒, strain effects, and spin-orbit coupling. Multiexciton complexes are calculated using the configuration-interaction ͑CI͒ method. 24 Slater determinants ⌽ v,c are constructed from s, p, and d electron and hole orbitals ͑well separated in energy from the remaining dot-confined states͒, which give 12 electron and 12 hole single-particle states ͑counting spin͒. The multiexciton wave functions ⌿ are expanded in terms of this determinal basis set. Our CI calculations are convergent both in the energetic positions of peaks in the spectra and intensity of the peaks ͑for detail see Ref.
17͒. The matrix elements of the many-particle Hamiltonian H in the basis set ͕⌿ v,c ͖ are calculated as
where J and K are the Coulomb and exchange integrals, respectively
Coulomb and exchange integrals ͓Eqs. ͑4͒ and ͑5͔͒ are computed numerically from the pseudopotential singleparticle orbitals. The screening function for these integrals ⑀͑r 1 , r 2 ͒ contains an ionic and an electronic component that exhibit a smooth transition from unscreened at short range to screened at long range. 19 After we obtain the multiexciton states from the CI calculations, we analyze the CI configuration that has a major contribution to the CI state. This is called the dominant CI contribution. The emission spectra is calculated using Fermi's golden rule applied to the CI states, where configuration mixing in the initial and final states are reflected through the variation in energetic positions and intensities of the emission lines.
B. Model quantum dots
Our model QDs are defined through four structural motifs: base length ͑b͒, height ͑h͒, shape, and average indium composition ͑X In ͒. We use four model QDs, denoted as Dot A, Dot B, Dot C, and Dot D, as shown in Table I . For each of our four model QDs, we show exciton energy ͑E X 0 ͒ and P-shell splitting of electrons and holes ͑last three columns in Table I͒ . These model QDs are used to illustrate how morphology influences the internal electronic structure and FS of multiexcitons considered in the following sections.
IV. NEUTRAL (MULTI)EXCITONS
Figures 3-11 show schematic plots of the internal electronic structure of ͑N h , N e ͒ multiexciton for N h = N e . The structure of each figure is as follows. The title indicates the transition ͓e.g., ͑2,2͒ → ͑1,1͔͒ and the recombination channel. The left panels give the initial single-particle levels, e.g., h 0 2 e 0 2 and the final single-particle level, e.g., h 0 1 e 0 1 ; the dotted ellipse indicates the electron-hole pair that recombines. The center panels give the initial many-particle multiplets and final many-particle multiplets and their multiplicities. On the right-hand side ͑RHS͒ we give the dominant CI configuration. The vertical arrows connecting final and initial multiplets show the multiexcitonic transition. The dashed lines denote dark transitions. Bottom left position gives schematically the spectra of all ͑allowed+ forbidden͒ transitions.
The schematic transitions illustrated in Figs. 3-11 pertain to a generic self-assembled QD and are of general validity according to our calculations. The specific energy separations between transition lines are determined by structural parameters of QDs ͑shown in Tables within the figures eV͔ and also by random-alloy fluctuations ͑see Sec. VII͒. We provide numerical results for our four prototypical structures and note that all other inspected structures follow this range.
A. X 1,1 0 : Neutral exciton (Fig. 3) The simplest case of e-h recombination is the monoexciton ͑N h =1, N e =1͒ shown in Fig. 3 . The initial singleparticle level has one electron ͑blue/gray͒ in the conduction band and one hole in the valence band ͑red/dark gray͒. Including spin, each of these states has a multiplicity of two, so the electron-hole exciton has a multiplicity of 2 ϫ 2=4. The central part shows many-particle initial states. The electronhole exchange interaction causes splitting into 2+1+1 multiplets, where the lowest state ͑2ϫ͒ is dark ͑see e.g., Ref. particle state corresponds to a single multiplet due to h 0 e 0 . Thus, the intermultiplet transition 1, denoted by gray dashed line, is not optically active; there are two optically active transitions marked 2 and 3 ͑solid lines͒. Transitions 2 and 3 are linearly polarized along orthogonal axis. 26 The splitting between these two bright states, i.e., the FSS, is usually on the order of a few tens of eV and is determined by QD structural properties. 13 We show the values of the FSS for four model dots in the Table within Fig. 1. B. XX 2,2 0 : Neutral biexciton (Fig. 4) The initial single-particle level is h 0 2 e 0 2 and the final one is h 0 1 e 0 1 ͑Fig. 4͒. The initial multiplet state of XX 2,2 0 consists of one single degenerate state given that it is not split by the exchange interaction. This is so because the net spin of the involved electrons and holes is zero. The final multiplet state has two single degenerate and one doubly degenerate, all dominated by h 0 1 e 0 1 . The ͑2,2͒ → ͑1,1͒ decay involves two allowed transitions with the final states being the bright states of the X 0 , as shown in Fig. 4 . Therefore, the FSS of neutral exciton is reproduced, yet inverted in the XX 0 to X 0 decay ͑compare center panels of Figs. 3 and 4͒. Figure 4 shows the spectrum of the biexciton in the ground state, i.e., when both electrons and both holes are in the ground state. However, it is possible that one of the holes is in the excited state. This can happen if the initial multiplet state, with dominant configuration h 0 2 e 0 2 is very close in energy to the first excited initial state with dominant configuration h 0 1 h 1 1 e 0 2 . In that case the net spin is 2 2 = 4, which leads to two emission lines in the spectra. When a dot is loaded with more than two electrons and two holes ͑N h Ͼ 2, N e Ͼ 2͒, there is also a P recombination channel ͑P e & P h ͒, where the P electron can recombine with the P hole ͑see Sec. II A͒. In what follows, we discuss both recombination channels.
S e -S h recombination channel
In the case of triexciton ͑XXX 3,3 0 ͒, the single-particle S-electron and S-hole levels are fully occupied, and the P level is only partially occupied ͑Fig. 5͒. This leads to the total multiplicity of four for XXX 3, 3 0 . Thus, the initial state of ͑3,3͒ multiexciton level splits into four levels, denoted as ␣, ␤, ␥, and ␦, all dominated by the h 0 2 h 1 1 e 0 2 e 0 1 configuration. When a S electron and a S hole of the ͑3,3͒ multiexciton recombine, the final multiexcitonic state has a dominant configuration h 0 1 h 1 1 e 0 1 e 0 1 , i.e., with one electron in S and one in P level ͑same with the holes͒. This means that the spin of the particles are independent, allowing 2 4 of the four initial multiexciton states separately. This is shown in Figs. 5-8 . Energy separations between the transitions of ͑3,3͒ multiexciton as they vary with QD morphology are given in Table II for the emission from ␣ and ␤ states and in Table III for the emission from ␥ and ␦ states. It seems that the shape of the QD determines the distances between certain peaks. For example, for lens-shaped and elongatedlens-shaped QDs, distances E͑2͒-E͑1͒, E͑5͒-E͑4͒, and E͑8͒-E͑7͒ are on the order of several meV. However, for truncated cone QD these distances are on the order of several tens of eV. Interestingly, similar situation occurs for distances between peaks for XX +1 transition, where E͑2͒-E͑1͒ is on the order of several meV for Dot A, Dot C, and Dot D ͑i.e., lens and elongated lens͒, but is on the order of several tens eV for Dot B ͑truncated cone͒. This conclusion for XX +1 was tested on a library of 240 QDs used in Ref. 20 .
P e -P h recombination channel
In the case of the P recombination channel, P electron recombines with P hole, as shown in Fig. 9 . The initial multiplets are four single degenerate levels with dominant configuration h 0 2 h 1 1 e 0 2 e 0 1 . The final many-particle state is the biexciton ground state, corresponding to a single multiplet due to the h 2 e 2 majority character. The ͑3,3͒ → ͑2,2͒ decay in- volves two dark transitions ͑transitions 1 and 2 in Fig. 9͒ and two allowed transitions ͑transitions 3 and 4 in Fig. 9͒ . Interestingly, on the low-resolution emission spectra ͑see Sec. II B͒, and according to the perturbation theory ͑Fig. 2͒, this transition is considered to be a singlet, but the full calculations show two optically active transitions split by ϳ10 eV. Energy separations between the transitions in the P recombination channel of ͑3,3͒ multiexciton as they vary with QD morphology are shown in the Table within As in the case of the spectrum of the ͑3,3͒ multiexciton, there are two principal radiative decay channels for ͑4,4͒ → ͑3,3͒, corresponding to the recombination of either an exciton from S shell or an exciton from the P shell. The oscillator strength from the recombination of S ͑P͒ electron with P ͑S͒ hole is very weak, therefore, not considered here.
S e -S h recombination channel
The initial single-particle configuration is h 0 2 h 1 2 e 0 2 e 1 2 , i.e., both electron and hole S and P shells are closed, thus the net spin is zero ͑Fig. 10͒. 29 The final single-particle configuration is h 0 1 h 1 2 e 0 1 e 1 2 , which allows for four different spin configurations. The initial multiparticle state is single multiplet. The total multiplicity of the final multiparticle state is four, with four levels, all dominated by h 0 1 h 1 1 e 0 1 e 1 1 configuration. The ͑4,4͒ → ͑3,3͒ decay involves two allowed transitions ͑de-noted as transitions 1 and 2 in Fig. 10͒ and two dark transitions ͑denoted as transitions 3 and 4 in Fig. 10͒ . Dependence of the energy differences between the four peaks in the spectrum of ͑4,4͒ multiexciton on the QD structural properties is shown in the Table within Fig. 10. 
P e -P h recombination channel
In the case of P recombination channel, a P electron recombines with a P hole, as shown in Fig. 11 . The initial multiplet is a singly degenerate level with a dominant configuration h 0 2 h 1 2 e 0 2 e 0 2 . The final many-particle state is a triexciton ground state corresponding to four multiplets due to h 0 2 h 1 1 e 0 2 e 1 1 majority character. The ͑4,4͒ → ͑3,3͒ decay involves two allowed transitions ͑transitions 1 and 2 in Fig. 11͒ and two dark transitions ͑transitions 3 and 4 in Fig. 11͒ . Energy separations between the transitions in the spectrum of ͑4,4͒ multiexciton as they vary with QD morphology are given in the Table within Fig. 11 .
V. NEGATIVELY CHARGED (MULTI)EXCITONS
When a dot gets charged with N h holes and N e electrons, such that N e Ͼ N h , the negatively charged ͑multi͒excitons are formed. Figures 12-15 show schematic plot of the internal structure and FSS of ͑N h , N e ͒ multiexciton for N e = N h +1, where N h =1,2,3.
The schematic transitions illustrated in Figs. 12-15 pertain to a generic self-assembled QD and are of general validity according to our calculations. The specific energy separations between transition lines are determined by structural parameters of QDs ͓shown in the Tables within the figures for each negatively charged ͑multi͒exciton, where the energies are given in eV͔ and also by random-alloy fluctuations ͑see Sec. VII͒. We provide numerical results for four prototypical structures and note that all other inspected structures follow this range.
A. X 1,2 −1 : Negatively charged exciton (Fig. 12) When a QD gets loaded with two electrons and one hole, a negatively charged exciton or a negative trion is formed. The initial single-particle level is h 0 1 e 0 2 and the final level is e 0 1 . The initial multiplet state of X 1,2 −1 consists of one doubly degenerate state ͑because the hole S shell is partially occupied giving 2 1 different spin configurations͒. The total spin of a trion has a half-integer value. The final multiplet state has one doubly degenerate state dominated by the e 0 1 configuration. The ͑1,2͒ → ͑0,1͒ decay involves one transition, which is optically active and denoted as transition 1 in Fig.  12 . This transition does not have a fine structure.
B. XX 2,3
−1 : Negatively charged biexciton (Fig. 13) In the case of negatively charged biexciton XX −1 , the single-particle S-electron and S-hole levels are fully occupied, and the P electron level is only partially occupied, as shown in Fig. 13 . The final single-particle configuration is h 0 1 e 0 1 e 1 1 , which allows for 2 3 spin configurations. The initial FIG. 12 . ͑Color online͒ Schematic plot of the internal electronic structure of negatively charged exciton ͑N h =1, N e =2͒. As in the case of figures for neutral multiexcitons the title indicates the transition ͓e.g., ͑1,2͒ → ͑0,1͔͒ and the recombination channel. The left panels give the initial single-particle levels, e.g., h 0 1 e 0 2 and the final single-particle level, e.g., e 0 1 ; the dotted ellipse indicates the e-h pair that recombines. The center panels give the initial many-particle multiplets and final many-particle multiplets and their multiplicities. On the RHS we give the dominant CI configuration denoted as
. .e i mi , where i and j denote electron and hole levels, respectively, and mj͑ni͒ denote the number of electrons ͑holes͒ on level i͑j͒ ͑0 Յ ni , mj Յ 2͒. The vertical arrows connecting final and initial multiplets show the multiexcitonic transition. multiplet state of XX 2,3 −1 consists of one doubly degenerate state and the final multiplet state has four doubly degenerate states, all dominated by h 0 1 e 0 1 e 1 1 configuration. The ͑2,3͒ → ͑1,2͒ decay involves three allowed transitions ͑denoted as transitions 1, 2, and 3 in Fig. 13͒ , and one dark transition ͑denoted as transition 4 in Fig. 13͒ . Dependence of the energy difference between the four peaks in the spectrum of the ͑2,3͒ multiexciton on the QD structural properties is shown in the Table within Fig. 13 . One can see from the Table that transitions 1 and 2 are grouped together, whereas transition 1 is shifted typically by ϳ10 meV for all four model QDs. The negatively charged triexciton has both electron and hole P shells occupied, so the P recombination channel ͑be-side the S recombination channel͒ exists.
S e -S h recombination channel
The initial single-particle configuration is h 0 2 h 1 1 e 0 2 e 1 2 , i.e., only the hole P shell is partially occupied. The final singleparticle configuration is h 0 1 h 1 1 e 0 1 e 1 2 , which allows for 2 3 = 8 different spin configurations. The initial multiparticle state is doubly degenerate multiplet. The total multiplicity of the final multiparticle state is eight, with four doubly degenerate states, all dominated by the h 0 1 h 1 1 e 0 1 e 1 2 configuration. The ͑3,4͒ → ͑2,3͒ decay involves three allowed transitions ͑de-noted as transitions 1, 2, and 3 in Fig. 14͒ and one dark transition ͑denoted as transition 4 in Fig. 14͒ . Dependence of the energy difference between the four peaks in the spectrum of the ͑3,4͒ multiexciton on the QD structural properties is shown in the Table within initial ͑3,4͒ state. Because of the relatively small P-shell electron splitting ͑see Table I͒ , it is energetically more favorable for the fourth electron to occupy the second P level than the first P shell. In the multiparticle picture, this leads to the initial state with the dominant configuration h 0 2 h 1 1 e 0 2 e 1 1 e 2 1 , with four doubly degenerate levels ͑the multiplicity of the charged triexciton is 2 3 =8͒. The dominant configuration of the final state is h 0 1 h 1 1 e 0 1 e 1 1 e 2 1 , with a total multiplicity of 2 5 = 32. Thus, the emission spectrum of the non-Aufbau ͑3,4͒ multiexciton has 128 transitions. However, if Dot C gets charged with one more hole ͓which corresponds to the case of ͑4,4͒ multiexciton͔, then the electron levels restore Aufbau occupation, i.e., the dominant configuration of the initial multiexciton state becomes h 0 2 h 1 2 e 0 2 e 1 2 ͑see Sec. IV D͒.
P e -P h recombination channel
In the case of the P recombination channel, P electron recombines with P hole, as shown in Fig. 15 . The initial multiplets are four singly degenerate multiplets with dominant configuration h 0 2 h 1 1 e 0 2 e 1 2 . The final many-particle state is the negatively charged biexciton ground state, corresponding to a doubly degenerate multiplet due to h 0 2 e 0 2 e 1 1 majority character. The ͑3,4͒ → ͑2,3͒ decay involves one transition that is also optically active ͑Fig. 15͒. This transition does not have a fine structure. As in the case of S recombination channel, Dot C does not have Aufbau occupation of the electron levels in the initial ͑3,4͒ state, but instead it has a state with dominant configuration h 0 2 h 1 1 e 0 2 e 1 1 e 2 1 . The final multiexciton state has thus the dominant configuration of h 0 2 e 0 2 e 2 1 . This gives in total of one doubly degenerate final level. The P channel of the emission from Dot C ͑3,4͒ multiexciton has four transitions ͑one dark and three optically active͒.
VI. POSITIVELY CHARGED (MULTI)EXCITONS
When a dot gets charged such that N e Ͻ N h , positively charged ͑multi͒excitons are formed. Figures 16-19 show schematic plot of the internal structure and FS of ͑N h , N e ͒ multiexciton for N h = N e + 1, where N e =1,2,3.
The schematic transitions illustrated in Figs. 16-19 pertain to a generic self-assembled QD and are of general validity according to our calculations. The specific energy separations between transition lines are determined by structural parameters of QDs ͓shown in Tables within the figures for each positively charged ͑multi͒exciton, where the energies are given in eV͔ and also by random-alloy fluctuations ͑see Sec. VII͒. We provide numerical results for four prototypical structures and note that all other inspected structures follow this range.
A. X 2,1 +1 : Positively charged exciton (Fig. 16) When a QD gets loaded with one electron and two holes, positively charged exciton ͑trion͒, is formed. The initial single-particle level is h 0 2 e 0 1 and the final single-particle level is h 0 1 . The initial multiplet state of X 2,1 +1 consists of one double FIG. 16 . ͑Color online͒ Schematic plot of the internal electronic structure of positively charged exciton ͑N h =2, N e =1͒. As in the case of figures for neutral multiexcitons the title indicates the transition ͓e.g., ͑2,1͒ → ͑1,0͔͒ and the recombination channel. The left panels give the initial single-particle levels, e.g., h 0 2 e 0 1 , and the final single-particle level, e.g., h 0 1 ; the dotted ellipse indicates the e-h pair that recombines. The center panels give the initial many-particle multiplets and final many-particle multiplets and their multiplicities. degenerate state because the electron S shell is partially occupied giving 2 1 different spin configurations. The total spin of a trion has a half-integer value. The final multiplet state has one doubly degenerate state dominated by the h 0 1 configuration. The ͑2,1͒ → ͑1,0͒ decay involves one transition, which is optically active, and denoted as transition 1 in Fig.  16 . This transition does not have a fine structure.
We analyze here a ground-state trion ͑where electrons and holes occupy the ground state of the QD͒. However, it is possible that one of two holes occupies the first or higher excited state, leading to the formation of a so-called "hot trion." For example, the dominant configuration of a hot trion can be h 0 1 h 1 1 e 0 1 . The fine structure of such a hot trion is much more complex given that there are 2 3 different spin configurations ͑see, e.g., Ref. 30͒. Figure 17 shows the internal electronic structure and FSS of the positively charged biexciton XX +1 . The initial singleparticle configuration is h 0 2 h 1 1 e 0 2 ͑with 2 1 different spin configurations͒, and the final is h 0 1 h 1 1 e 0 1 ͑with 2 3 spin configurations͒. The initial multiparticle state is a doubly degenerate multiplet. The total multiplicity of the final state is eight, with four doubly degenerate levels, all dominated by the h 0 1 h 1 1 e 0 1 configuration. The ͑3,2͒ → ͑2,1͒ decay involves three optically active transitions ͑denoted as transitions 1, 2, and 3 in Fig. 17͒ and one dark ͑transition 4 in Fig. 17͒ . Dependence of the energy difference between the four peaks in the spectrum of the ͑2,3͒ multiexciton on the QD structural properties is shown in the Table within Fig. 17 . Interestingly, whereas transitions 2 and 3 were very close to each other in energy ͑within 300 eV͒ and transition 1 was redshifted by ϳ10 meV in the spectrum of the negatively charged biexciton, ͑2,3͒, such grouping does not exist in the spectrum of positively charged biexciton ͑3,2͒, which exhibits a remarkable dependence on QD morphology. For example, whereas in Dot B transitions are separated energetically by a few tens of eV, for the case of Dot D, transition 1 is redshifted from transitions 2 and 3 by ϳ5 meV, i.e., three optically active transitions are grouped similar as in the spectrum of ͑2,3͒ multiexciton. Just as in the case of neutral multiexcitons and negatively charged multiexcitons with N h , N e Ͼ 2, beside S recombina- tion channel there is the P radiative decay channel, where P electrons recombine with P hole.
S e -S h recombination channel
The initial single-particle configuration is h 0 2 h 1 2 e 0 2 e 1 1 , i.e., only electron P shell is partially occupied. The final singleparticle configuration is h 0 1 h 1 2 e 0 1 e 1 1 , which allows for 2 3 = 8 different spin configurations. The initial multiparticle state is doubly degenerate multiplet. The total multiplicity of the final multiparticle state is eight, with four doubly degenerate levels, all dominated by the h 0 1 h 1 2 e 0 1 e 1 1 configuration. The ͑4,3͒ → ͑3,2͒ decay involves three allowed transitions ͑de-noted as transitions 1, 2, and 3 in Fig. 18͒ and one dark ͑denoted as transition 4 in Fig. 18͒ . Dependence of the energy difference between four peaks in the spectrum of ͑4,3͒ multiexciton on QD structural properties is shown in the Table within Fig. 18. 
P e -P h recombination channel
In the case of the P recombination channel, P electron recombines with P hole, as shown in Fig. 19 . The initial multiplets are four single degenerate levels with dominant configuration h 0 2 h 1 2 e 0 2 e 1 1 . The final many-particle state is the negatively charged biexciton ground state, corresponding to a doubly degenerate multiplet due to h 0 2 h 0 1 e 0 2 majority character. The P channel ͑4,3͒ → ͑3,2͒ decay involves one transition that is also optically active ͑Fig. 19͒. This transition does not have a fine structure.
VII. ROLE OF ATOMIC-SCALE RANDOMNESS
͑In,Ga͒As QDs are usually alloyed as revealed by structural characterization techniques. 31, 32 This fact implies that there is a set of possible spatial configurations, 33 , and each can have a distinct property P͑͒. 34 What particular spatial configuration each QD from an ensemble will have is unknown, and cannot be controlled. In this section we discuss how such atomic-scale randomness ͓i.e., different random realizations ͑RRs͒ of an alloy͔ influences the internal electronic structure and FS of multiexcitons analyzed in the previous sections.
We show the effect of atomic-scale randomness on the internal structure and FS of four ͑multi͒excitons ͑X 1,1 0 , XX 2,3 −1 , 26 here we show how RRs influence the internal structure and FSS. Table IV shows how the exciton energy ͑E X 0 ͒ and FS vary with different RRs. For example, we see that for Dot A, E͑3͒-E͑2͒ ͑Fig. 3͒ varies more than a factor of four with . Table V shows how the internal structure and FS of XX 2,3 −1 , XXX 3, 3 0 , and XXX 4,3 +1 multiexcitons vary with three different RRs. Interestingly, whereas the sequence of the lines is kept, the distances between peaks are very sensitive to RRs.
The atomic-scale randomness is an uncontrollable effect. However, establishing deterministic link between structure and spectra ͑in general, structure and physical property͒ in QDs is crucial as nanotechnology attempts to create QDs with tailored properties. This is a very complex problem because QDs ͑or nanosystems in general͒ consist of a large number of atoms ͑often 10 5 atoms͒, so the complexity of structure prohibits experimental characterization of the full atomistic structure of the morphology. 31 Given that establishing structure-spectra links should be deterministic and that atomic-scale randomness cannot be controlled, it is very important to identify those features in the spectra that are sensitive to the atomic-scale randomness.
We recently proposed 20,35 a procedure ͑spectral barcoding͒ to establish structure-spectra relationship in QDs. The procedure is based on deciphering structural information from a sequence of multiexciton lines in the spectra. 20 However, for the spectral barcoding procedure to work, it is important to identify those features of emission spectra that can be linked deterministically to the structural motifs, and exclude those that are uncontrollable, e.g., influenced by the atomic-scale alloy randomness. 26 Thus, as Tables I and IV show, distances between peaks cannot be used to gauge structural information.
VIII. SUMMARY
We provided a detailed account of the genesis of observable many-electron multiples from ͑dominant͒ single-particle levels in the self-assembled QDs by performing a detailed theoretical study. For each of the leading ͑N h , N e ͒ excitonic complexes we showed the single-particle configuration and then the many-particle multiplet levels for the initial state of emission ͑N h , N e ͒ and the final state of emission ͑N h −1, N e −1͒. We denoted which states are dark and which are bright; the order and multiplicity, the leading single-particle character of each multiplet state, and the FSS. The schematic transitions for multiexcitons pertain to a generic selfassembled QD and are of general validity according to our calculations. The specific energy separations between transition lines are determined by structural parameters of QDs ͑shown in Tables within figures for each multiexciton͒ and also by random-alloy fluctuations. We provide numerical results for four prototypical structures and note that all other inspected structures follow this range. Here the presented information is important and potentially useful for a few reasons: ͑i͒ the information serves as a guide for spectroscopic interpretation; ͑ii͒ the information reveals non-Aufbau cases, where the dot does not have Aufbau occupation of carriers' levels; ͑iii͒ the information shows which transitions are sensitive to random-alloy fluctuations ͑if the dot is alloyed͒ and importance of this effect. We show that because of such alloy information, distances between peaks cannot be used to gauge structural information.
